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Abstract. This paper provides a complete catalog of the break numbers that 
occur in the ramification filtration of fully and thus wildly ramified quaternion 
extensions of level one, dyadic number fields (along with some partial results 
for level > 1). This catalog depends upon the refined ramification filtration, 
which as defined in I2I is associated with the biquadratic subfield. Moreover 
we find that quaternion counter-examples to the conclusion of the Hasse-Arf 
Theorem are extremely rare and can occur only when the refined ramification 
filtration is, in two different ways, extreme. 



1. Introduction 

Quaternion extensions are often the smallest extensions to exhibit special prop- 
erties and have played an important role in Galois module structure In the 
setting of the Hasse-Arf Theorem, they are used to illustrate the fact that upper 
ramification numbers in a non-abelian extension need not be integers [131 IV§4 
Exercise 2]. To better understand the counter-examples to the conclusion of the 
Hasse-Arf Theorem and as a first step towards an explicit description of wildly 
ramified Galois module structure {e.g. ^ El El E]), we catalog the ramification 
break numbers of totally ramified quaternion extensions of dyadic number fields. 

1.1. Notation. Let Q2 be the field of dyadic numbers, and let K/Q2 be a finite 
extension with T its maximal unramificd subfield. Then ex = [K : T] is its degree 
of absolute ramification and fx = [T : Q2] is its degree of inertia. We will continue 
to use subscripts to denote field of reference. So ttk is a prime element in 
Ok the ring of integers, = t^kOk its maximal ideal, and vk{') the valuation 
normalized so that vk{t^^x) ^ " ^'^'^ n ^TL. By abuse of notation, we identify the 
residue fields QkI'^k — C't/'Pt = with the finite field of g = 2-^^ elements. 
Let N I iiT be a fully ramified quaternion extension with 

G = Gal(iV/i^) = ((7,7 I (T^ ^ 7^7"V7 = o^^) ■ 

It is a quick exercise to check that these relations, = 7^ and 7^^0-7 — a^^, yield 
= 1. Recall the ramification filtration Gi = {s e G : vn{{s — l)7rjv) > « + 1} and 
that break numbers (or jump numbers) are those integers b such that Gb 2 Gb+i 

nsi chiv]. . 

Since Gal(A^/i4r) has a unique subgroup of order 2, namely (cr^), and since the 
quotient of consecutive ramification groups (in a fully ramified p-extension) is nec- 
essarily elementary abelian ^31 IV §2 Prop 7 Cor], the ramification filtration for 
N/K decomposes naturally into two filtrations: one for M/K where M — N^'^ \ 
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and one for N/M. Indeed the ramificatfon break for N/M is the largest ramifica- 
tion break for N/K [H, IV §1 Prop 2]. The other break(s) for N/K are those of 
M/K IV §1 Prop 3 Cor]. This suggests 

Question 1. How does ramification above (i.e. in N/M) depend upon ramification 
befow {i.e. in M / K)l 

1.2. On Ramification in Biquadratic Extensions. There are either one or two 
break numbers in the ramification fihration for the quotient group G — Ga\.{M/ K). 
In the one break case, the break satisfies 1 < 6 < 2e with h odd. In the two break 
case, the breaks hi < 62 satisfy 1 < 61 < 2e with bi odd, and 61 < 62 < 4e — 61 with 
62 = bi mod 4 when 62 < 4e — 61 . This foUows by considering upper ramification 
numbers and the Herbrand Function 13, IV§3]. 

Let 63 denote the break for Gal(A^/A/). Then from §1.1 we see that the ramifica- 
tion breaks for G are either 6 < 63 or &i < 62 < ^s- To give a complete description 
of 63 in the one break case, b < b^, we will need information provided by the refined 
ramification filtration PJ. This is discussed in detail as part of §3, so for now we 
simply summarize the main results; (1) There is a refined second break number 
r S Z, which satisfies 6 < r < 63. (2) Associated with this second refined break 
number is a 5 — 1 root of unity uj (actually an equivalence class, but for the moment 
it does no harm to confuse the equivalence class with its representative). 

As a result, to any fully ramified quaternion extensions of N/K we can assign 
a ramification triple: either (6, r, 63) in the one break case or (61,62,63) in the two 
break case and we are interested in cataloging these triples. Our catalog has three 
cases depending upon ramification in M/K. 

• If M/K has one ramification break 6, then there is a second refined break 
r along with an associated root of unity lu. 

— li u!^ — 1, we place N in Q^, . 

— If uj"^ ^ 1, we place N in Qf^. 

• If M/K has two ramification breaks 61 < 62, then we place N in Q2 . 
And so Qfi U U Q2 is the set of all fully ramified quaternion extensions of K. 

1.3. Catalog of triples: Subsets of Z,^. In this section, based upon a choice 
of positive integer e, we define three sets of triples 7^f C with i G {1,1*, 2}, 
whose elements will be denoted by (si, S2, S3). In our descriptions of these sets, the 
values of a coordinate Sj will, in each case, depend upon the values of preceding 
coordinates {sh for h < j). So we begin by describing the first coordinates. In all 
cases 



To describe 52, we must consider two basic cases: i £ {1*, 1} and i — 2. Let 



S2 G 'S'2(si) = € Z : si < n < mi{si),n = si mod 4 if n < TOi(si)}. 

Observe that since toi(si) < m2(si), >S'2(si) C S'|(si). 

We now turn to the description of the third coordinate S3. There are three cases: 
i — 1,1* and 2. We should also point out that in each case, our description will 
break naturally into two parts. Borrowing terminology from Wyman |15|. there 



si e S"! = {n G Z : < n < 2e, n = 1 mod 2}. 




for i = 1*, 1, 
for i = 2. 



Then 
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is stable ramification when S3 is uniquely determined by si and S2, and there is 
unstable ramification when it is not. 

We begin by describing S3 under unstable ramification. In each case, there are 
lower and upper bounds 



7si — 2s2 for i = 1* , 
Li = { 5si for i = I, Ui = 

2si + 3s2 for i = 2, 



8e-3si fori = r,l, 

8e — 2si — S2 for i = 2. 



Notice that Li* < Li < L2 and U2 < Ui' — Ui (with equality everywhere, if we 
formally equate si — S2). When there is room between the lower and upper bounds, 
namely Li < Ui, we have unstable ramification and 

S3 £ "£'3(31, S2) — {n ^ Z : Li < n < Ui, s^ = Si mod 8 if Li < n < Ui}. 

Note that in the description of ''S'3(si, S2), "S3 = Si mod 8" means S3 = S2 mod 8 
for i = 2 and S3 = si mod 8 for i = 1,1*. Note furthermore that the condition 
Li < Ui, means 5si — S2 < 4e for z = 1*, si < e for z = 1 and si + S2 < 2e for i = 2. 
Outside of this condition we have stable ramification: 



S3 = 4e 



Si for i — 1,2, 

2si — S2 for i — 1* , 



which, of course, defines a set ''S'3(si, S2) for each i G {1, 1*, 2}. 
In summary, we have defined three sets, TZ^, ,TZl,TZ2- 

n1 = {(S1,S2,S3) e : Si e 5i,S2 e S,{si),S^ e "5^(si,S2) U ^^^(si,S2)} . 

Our interest in these sets is largely a result of our interest in counter-examples 
to the conclusion of Hasse-Arf. By a result of Fontaine [7| Prop 4.5], we know 
that such counter-examples can occur only in the one break case. So we focus now 
on 'R\,,TZ\. We are principally interested in the relationship between Si and S3, 
which as we might suspect from §1.2 corresponds to the two (usual) ramification 
breaks in a quaternion extension. To provide a two dimensional visual aid, we 
slice now each of TZ\,TZ'{, by the hyperplane S2 — si = e/2, and project each shce 
to the (si, S3)-plane (with axes scaled 1-2). The result (sketched below) includes 
a line segment (representing stable ramification) along with a triangular region 
(representing unstable ramification). To aid comparison, we have included certain 
dotted segments of the lines S3 = 3si, S3 = 5si, S3 = Si -I- 4e and S3 = 8e — 3si in 
both sketches. Note that since the upper bound for S2, namely min{2si,4e — si} 
depends upon whether or not si < 4e/3, the hyperplane S2 — si — e/2 intersects 
7^l,7^^ only for e/2 < si < 7e/4. 
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1 1 1 1 

Si 2e si 2e 

1.4. Statement of Main Results. Given a base field there is a map that 
sends each fully ramified quaternion extension N / K to its ramification triple, either 
(61, 62, 63) or (6, r, 63) G depending upon the filtration in its biquadratic subfield 
MjK. A catalog of such ramification triples should be considered complete if 

(1) the range of this map is given an explicit description, and 

(2) the map is also shown to be onto this range. 

Using this definition, the catalog of ramification triples that we give below is com- 
plete for fields K that contain the 4th roots of unity, namely \/— T € K {i.e. K has 
level one). Otherwise, when ^ K our results are not complete^ - in particular, 
we do not attempt to address condition (2). 

In §1.2, we decomposed the collection of fully ramified quaternion extensions of 
K into three subclasses: Q^,, Qf , Q2 ■ In §1-3, we defined three ranges (subsets of 

z3): 7^^.,7^^,7^^. 

Theorem 1.1. // 1 G K and N/K is a fully ramified quaternion extension, so 
N e Qf for some i G {1,1*, 2}. Then its ramification triple, either (6, r, 63) or 
627^3); lies inTZl'^ , where ex denotes the absolute ramification of K . 
Moreover, given K/Q2 with G K and any triple (si,S2,S3) € TZ^'^ where 

i G {1,1*, 2}, there is a fully ramified quaternion extension N/K with N G Qf 
whose ramification triple is (si, 52,53). 



Assumptions on the roots of unity in the base field are common in ramification theory. For 
example, the ramification break number 6 of a ramified Cp-extension L/ K of local number fields 
with residue characteristic p, satisfies 1 < f> < peK/{p — 1) with the additional condition that 
gcd(6, p) = 1 for b < pex/ip — !)• But the case b = pex/ij) — 1) is possible only when K contains 
a pth root of unity |^ III§2 Prop 2.3]. As a further example, note that 1151 Thm 32] concerning 
Cp2 -extensions is proven under the assumption that the base field contains the pth roots of unity. 
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Theorem 1.2. // \f~-\ ^ K and N/K is a fully ramified quaternion extension 
with iV e Qf U Qf and a stable ramification triple, either (6, r, 63) with b > bk or 
(61, 62,^3) with 61+^2 > 2e/<-, then its ramification triple lies in , where ex 
denotes the absolute ramification of K . 

1.5. Hasse-Arf. The Hasse-Arf Theorem states that upper ramification numbers 
in abehan extensions are integers. Our resuhs confirm a resuh of Fontaine, which 
says that in quaternion extensions upper ramification numbers generally are inte- 
gers. 

Theorem 1.3 (^7, Prop 4.5]). Upper ramification numbers of fully ramified quater- 
nion extensions of dyadic number fields are integers, except when there is only one 
break b for M / K and b^ ~ Sb. 

Note that the upper ramification numbers in a quaternion extension are inte- 
gers precisely when 63 = 62 (or b) mod 4 ^ISj IV§3]. Using Theorems 1.1 and the 
illustration for TZf, , we can see that the exceptional situation 63 = 36 can occur 
only when both the second refined break is maximal: r = min{4ex — 6,26}, and 
its associated root of unity uj is minimal: iv^ = 1. Based upon §1.4, 63 = 36 must 
occur under r = Ack — 6 and lo'^ = 1. 



In 1936 E. Witt characterized the biquadratic extensions M — K{y/u, ^/v) that 
embed in a quaternion extension JJ]. When if is a finite extension of Q2, his 
condition is equivalent to the Hilbert symbol equality: (— u, —v) — (—1, —1), which 
is equivalent to the product formula (— 1, 1, w) ~ 1. 

If the product formula holds then, replacing u oi v with uv if necessary and using 
Hilbert symbol properties, we may assume without loss of generality that (u, v) = 1 
and {uv, — 1) = 1. As a result, when M embeds in a quaternion extension, we may 
assume that there arc two elements 77 G K{y^) and r G K{y^uv) whose norms 
satisfy iV^(ys)/x(?7) = v and Nj^^^yj^ir) = -1. 

An observation of H. Reichardt then characterizes the quaternion extensions 
N/K that contain M: for if we let ak £ M he defined by 



where k G K and = M{^/ak), then N/K is a quaternion extension |^. Moreover 
it is generic in the sense that any quaternion extension of K containing M can be 
expressed as M(y/7ik) for some k €z K. Jensen and Yui provide a nice source 
for these results. Indeed Witt's condition j^JJ Lem 1.1.1] can be translated to the 
Hilbert symbol condition using ^3 Lem 1.1.6], and Reichardt's observation appears 
as [ini Lem 1.1.2]. 

2.1. Quadratic Extensions and Quadratic Defect. Let F denote a finite ex- 
tension of (Q)2, and let Tp be its maximal unramified subfield. As is well-known, a 
vector space basis for F* /{F*Y over F2 is given by {l+flTT^"-! : a € Ot^/2Dt^, 1 < 
n < ep} along with ttj? and 1 -I- 4 A for some A € 'Otf with -f a; -I- A irreducible 
over Tp, Chl5]. It is easy to check that F(i/1 -I- 4A)/F is unramified. This 
means that there are essentially two types of ramified quadratic extensions: those 
that arise from the square root of a prime, F[^/ttf), and those that arise from 
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the square root of a one-unit, F{^yu) with u = 1 + /3 and < vp{l3) < 2ep 
odd. Define the defect in of a prime element to be defF(7rF) — and of a 
unit to be deipiu) = max{wi?(fc^u — 1) : fc € F} '11' §63A]. If u = 1 + /3 as above, 
defftf (1-I-/3) = vp{p). It is straightforward now to verify that the ramification num- 
ber oiF{J^)/F (for K e F*\[F*f) is tied to the defect of k by 6 = 2ei. - defF(K). 
(All this is generalized to include odd primes p in 15, §4].) 

Recall Question 1. Given a quaternion extension N/K, we are interested in 
determining 63, the ramification break for the quadratic extension N/M, which is 
tied to the quadratic defect of ckfc in M by 

&3 = 8eK - dehi{ak)- 

Indeed we will determine by determining defjv,/(afc). Recall that is a product: 
either k ■ ^Jmi • 77 or fc • ^Jmi ■ r\ ■ t depending upon whether T € if or not. It 
is easy to see that defM(^ • i?) > min{defjv/(^), dcfM(i?)} for A,B£ M, and that 
we can be certain of equality only when defM(^) 7^ defjv,/(S)- The technical work 
in this paper addresses two issues: (1) The terms in ak lie in proper subfields of 
M. As a result, the defect in M of each term is not immediately obvious from its 
expression. (2) Moreover, once the defect of each term has been determined, there 
are often at least two terms with the same defect. 

2.2. Two Technical Lemmas. If E/F is a ramified quadratic extension and k S 
F, then defpiK) > defi?(K). To describe this increase in valuation carefully, we 
need to define the following continuous increasing function. 

2x + b for X < 2eF — b, 
X + 2ep for x > 2ep — b. 

Lemma 2.1. Let E/F be a ramified quadratic extension with break number b odd. 
IfKeF*\ {E*f, then 

deipin) > gp^b (defF(K)) 
with equality when defi?(K) ^ 2ep — b. As a result, given a threshold value 5 > 
with defp(K) > S, then defp{K) > gp,biS) > b. 

Proof. Since k ^ (E*)'^, E{-s/k)/F is a biquadratic extension. The break number 
of F{y/K)/F is 2e_F — defF(«:). Passing to the upper numbering for the filtration of 
E{y/K)/F 1131 ChIV§3], we see that the break number for E{^)IE is 

4e_F — 2defi;'(K) — & for 2ep — d&ip^K) > b\ 

2ep — d&ip^K) for 2ep — deipi^n) <b\ 

< b for 2ep — defp{K) = b . 

As a result, 

{2defF(K)-|-6 for 2eF - defi^(K) > 6 ; 
2ep + defp{K) for 2ep — defpin) < b ; 
>4:ep-b for 2eF - defF(K) = 6 . 

The result follows. □ 
Given elements of known defect, can one be described in terms of another? 

Lemma 2.2. Given (3 ^ F with vp{(3) — 2ep ~ b and < b < 2ep odd. If 

KG 1 + *Pf and deip^n) = 2ep — a with < a < b, there is a fj, Op with 



9F,b{x) = min{2a; + b,x + 2ep} 
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vf{ij) = [h — a)/2 and a X £ Oxp, either or so that + z — X is irreducible over 
Tf, such that 

+ 4A) e (1 + «Pf)/(1 + ^pf- 

Proof. Clearly K= + + Mi/3)- ••(1+4A) e {I + ^f)/ {I +^f? 

for some fii £ Df with (6 — a)/2 = vf{ho) < wf(mi) < t'F(M2) < • • • ■ Now use 
(1 + Mo/9)(l + Ml/3) = 1 + (a*o + Mi)^/3 mod hIP^f repeatedly. □ 

3. One Break Biquadratic Extensions 

Let M/K be a fully ramified biquadratic extension which has only one ramifica- 
tion break, at b. In this case the ramification numbers for each of the three subfields 
must be the same. Using Lemma 2.2, there must he a, f3 G K with vk{/3) — 2eK — b; 
a nontrivial 2-^ — 1 = g — 1 root of unity oj € Dt; a fJ, G K where either ^ — or 
vxifJ') = rn with < m < b/2] and a, X £ K where either A^OorAisag— 1 root 
of unity with z'^ + z — X irreducible over T; such that Af — K{x, y) where 

= 1 + /3, 

= (l + (c. + A*)'/3)(l + 4A). 

Without loss of generality, we let ^/u — x and y/v — y, and for the remainder of this 
section set L — K{x). Note that because Nljk{x — 1) = —j3 and vk{(3) = 2eK — b, 
we must have vl{x — 1) = 2eK ~ b. We let G = Ga\{M/K) = {a,'-f) where the 
generators act hy ax = x and 72/ — y. (It should cause no confusion that we use ct, 7 
to denote both the generators of the quaternion group G and its C2 x C2 quotient 
group G.) 

Before we turn to the refined ramification filtration, notice that the extension 
M/L is quadratic with break 6. As a result, there should be a unit U £ M oi defect 
defAf(L/) = 4ex - b such that M = L{U). Motivated by and identity in Q{A, X), 

(1) {l + A{X~l)f = {l+A'^B)(l + 2{A-A'^){X-l) ^ 



(3) Y^={1 + 2{{uj + /i) -{UJ + ^lf){x - 1)^^——— ) (1 + 4A)- 



1 + A^B . 

where B = X^ — l,we choose Y £ M so that 
(2) yY =l + {uj + ^i){x-l)£L. 

Now using (1) with X = x, B = f3, and A = uj + fi, wc find that 

1 

1 + (a7+/i)2/3^ 

As a result, by applying the norm A^m/lC^—I) = l—Y^ where ^^(l—F^) — AcK — b. 
Thus VMiY- 1) = icK-b. So Y is our desired unit, and M = L{Y) with aY = - Y. 

3.1. The second refined break and its associated root of unity. When there 
is only one ramification break, all Galois action "looks" the same from the perspec- 
tive of the usual ramification filtration. Thus the necessity of a refined ramification 
filtration, which helps us "see" a difference. As an aid to the reader, we replicate 
some of the material from 0, restricting to p = 2, so that many of the details are 
simpler. 

Let J = (cr — 1, 7 — 1) be the Jacobson radical of ¥^[6*]. Define an F^-'action' on 
the one-units 1 + J by the map 

(a, 1 + x) £¥gX {1 + J) — > x-I"! ■.^l + ax£l + J. 



8 



G. GRIFFITH ELDER AND JEFFREY J. HOOPER 



This makes 1 + J a near space over ¥q with aU the properties of a vector space, 
except that scalar multiphcation docs not necessarily distribute: It is possible to find 
x,y€ Janda e so that ((l+2;)(l+y))I''l(l+a;)[-°l(l+y)'"°' = l+ia^+a)xy ^ 1. 
We do not have a proper action. To achieve one and create a vector space, we 
deviate slightly from and define 

:= (1 + J)/(l + J2). 

It is straightforward to check that this vector space over has basis {cr, 7}- 

— jr 

To define a ramification filtration for G , choose any element p E Ad with 



valuation vm{p) = b, and define, for s G G , Wp{s) = max{uM((i — l)p) : x e 
Ot\G\,x = i + 2Dt'\G],x € Fq[G],s — x{l + J^)}, and the refined ramification 
groups by 



Gj = {s e G ■■'Wp{s)-VM{p)>i}- 
For example, we will use p — 2/{Y — 1). If we replace with {u)~^y)'^ — 
(a;^^+/3)(l+/z^/3) mod fi'^(3^K, then we have notation (including cr, 7 as generators 
of the Galois group) exactly as in 2, §4.1]. As a result, we can apply [3 Prop4.2] 
and find that 

Wj\/((70'''^' - = vm{p) + r 

where r = min{4ei<- — b,b + 4m, 26}. Thus there are two breaks in the refined 

— — — .F — 
filtration: namely b < r with G^, 2 ^b+i 2 ^r+iJ where the second 

refined break satisfies r < min{2&, 4efe — b} and away from this upper bound satisfies 

r = b mod 4. These breaks are independent of our choices: of p and of the generators 

for G. 

Additionally, the second refined break r is associated with a root of unity, namely 
u, which does depends upon our choice of generators for G. Replace 7 by jcr and 
we have an alternative root of unity = a; + 1 mod 2. Indeed these are the only 
two roots of unity that arise from a change of generators for Ga,l{AI/K). This 
suggests an equivalence relation on nontrivial q — 1 roots of unity: a; ~ a;' if and 
only if w = w' or w' + 1 mod 2. If we identify these nontrivial q ~ 1 roots of unity 
with their images in ¥q \ F2, then the equivalence classes of this relation can be 
identified with the //f — 1 nontrivial additive cosets of ¥q/¥2- Thus the second 
refined break r is actually associated with an equivalence class of two q — 1 roots 
of unity. We are going to be interested in whether the elements of a particular 
equivalence class satisfy a condition: whether they both are nontrivial cube roots 
of unity. So it is worth pointing out that u'^ + uj + 1 = mod 2 if and only if 
(w + 1)^ + (w + 1) + 1 = mod 2. As a result, in the statements of our results we 
can refer to "r and its associated root of unity uj" (equating each equivalence class 
with a representative). The condition o;'^ = 1 is well-defined. 

Remark 1. In the two break case, this refined ramification filtration produces the 
usual two ramification break numbers. 

3.2. The determination of defM(ai;)- We begin with a lemma. 

Lemma 3.1. Let M/K be a fully ramified biquadratic extension with one ramifica- 
tion break, at b. Then for all k G K, defM(^) > 36. In particular, defM(7rif) = 36. 
And ifki^l + '^K with < AelK{k) < 2eK - b, then defM(fc) = 36-|-4defK(A:). So 
36 < defM(fc) < 8ex — 6 with defM(^) = —b mod 8. Otherwise if k G 1 + with 
2eK — 6 < dciK{k) then defM(fc) > Sck — 6. 
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Proof. Apply Lemma 2.1. Note that for < deixik) < 2eK — b, defif (fc) = b mod 2, 



Now we assume that M = K{x,y) embeds in a quatermon extensfon, that x = 
\/u^y = v^, and adopting notation as in §2, we determine AQiuicn-k) ■ Our analysis 
decomposes: Case 1 in §3.3 when ur' ^ 1. and Case 1* in §3.4 when lo'^ — 1. We 
begin with the easier case. 

3.3. Case 1: Assume lo^ ^ 1. Under this assumption there is both stable and 
unstable ramification. We begin with stable situation. 



3.3.1. Stable ramification: b > ck- We do not assume G K. It follows 

immediately from the following lemma that lib > ck then 63 = Ack + 6, the value 
given in the catalog in Section [131 

Lemma 3.2. If b > ck and uo'^ then dciMic^k) — ^^k — b. 



Proof. Because of the possibility that i = ^/—l ^ K , we have at = kxyr]T. It 
suffices therefore to check that defAf (fc • yYrj ■ r) > Ack — b and that deiM{xY) — 
iex - b. 

We prove the first statement, defM(fc • yYrj ■ r) > Abk — b, by showing defM(fc) > 
AeK—b, deiMiyYrj) > 4ei<-— 6 and defM(T) > AcK—b. Using Lemma 3.1 and 6 > ex, 
we have defM(fc) > 3& > Aefc — b. The other two inequalities will follow from Lemma 
2.1 if we can show deiL{yY?]) > 2eK — b and deix(xy){T) > — b, respectively. 
RecaU that L = K{x). We begin with def^ (2/^77): Note that by (2), yV & L and 
by assuming x = y/u, 77 g L as well. Now check, using b > ex, that Ni^j^i^ + 
uj{x— 1)) = l + uj'^13 mod P'^^K- This implies that 77 = l + uj{x— 1) mod (x— 1)*Pl- 
Hence using (2) we see that deiL{yYri) > 2eK — b. Finally consider def;f(2,j,)(T): 
Using 13, V§3] we see that if r ^ {K{xy)*)'^, because defi<-(— 1) > ck we have 
defif(a;j,)(r) > ck. Hence, since b > ck have deiK{xy)iT) > 2eK — b. 

We prove the second statement, defA/(a;l^) = Abk — b. Notice that defj\/(F) = 
vm{Y — 1) = 4:6 K — b and that Lemma 2.1 gives defjif (a;) — Ack — b. This makes 
defM(a;i^) difficult to determine, but also means that there is a unit a e £)k such 
that X = 1 + a(y - 1) in 7W := (1 + *Pa/)/[(1 + *Pa/)^(1 + {Y - 1)^m)]- We wiU 
have the desired conclusion if we can show a ^ 1 mod ^P^. Since wl(2) — 2eK is 
even, there is a k £ L such that = 2{uj — uj'^) mod 2*^^. Using (1), we expand 
(1 + {1/k){Y - 1))2 = A- B mod (Y - 1)<Pm where A ^ 1 + (Y^ - 1)/k^ e L and 
B = 1 + 2(1/k- 1/K2)(y- 1). This means that A = BinM. Since (F^- l)/^^ = 
{x — 1) mod (a; — we see that A = x ■ C where defL(C) > 2eK — b and thus 

by Lemma 2.1, defA/(C) > Aek — b. So A = a; in A4, and thus a; = J5 in A4. Notice 
that B = l-2(r-l)/K2 = l + (w-w2)-i(y_2) mod iY-l)^M- This means that 
X = l + {uj^ + ujy^(Y-l) in M. And because uj^ ^ 1, {uj'^+ujy^ ^ 1 mod ^k- □ 

3.3.2. Two preliminary results: For the remaining cases, we need two additional 
technical results. Define the following: 
For b < bk, (for use in §3.3.3) 



therefore 36 + 4defx(fc) = 7b mod 8. 



□ 



1 + 



M 



(1 + *Pk)(1 + 'Pl)2(1 + i(3/2)ix - 1)^l) ' 
1 + Vm 



(1 + + ??m)2(i + (/3/2)(y - i)^Pm) ■ 
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For all b, (for use in §3.4) 



C* = 

M* = 



(i + q3K)(i + *PL)2(i + /?*PL)' 



(1 + *Pa-)(1 + *Pa/)2(1 + {x-l){Y- 1)^m) ■ 
It is easy to see that, under b < bk, the natural maps, C* ^ £ and M* M, 
are surjective. Moreover, we can define defects with respect to these groups in the 
natural way. For example, for G 1 + ^Pm, defx- (/x) = max{wM(w — 1) : m = /x € 
A4*}. Note: We will regularly abuse notation by identifying a coset with one of its 
coset representatives. 

Lemma 3.3. The inclusions 1 + {(3/2) {x-1)^l Q (l + CPj\/)^(l + (/3/2)(F-l)*Pj\/) 
forb< CK, 1 + /3^L C (l + «PM)^(l + (a;-l)(y-l)«PA/) yield the following natural, 
well-defined maps: C ^ A4 defined for b < ck arid C* M.* defined for all b. 

Proof. Use Lemma 2.1 to determine the two inclusions. □ 

Lemma 3.4. For i = \/ — 1 G K , the coset equality holds for all b: 

r = (1 + + + M + lJ?){x - 1)) • (1 + (c^ + oj'^){x - \){Y - 1)) e M*. 

Moreover for b < ck, Y = {1 + i{io + tj^ + /i + /i^)(.T — 1)) G Al. For b > ex, 
Y ={l + {LO + uj^+fi + ^i^){x - 1)) ■{l + {uj + uj^){x - - 1)) e M*. 

Proof Expand {1 + {Y - 1)/ {i - l)f = 1 - {1 + i){Y - 1) + i{Y - if /2 ^ 1 - (1 + 
2i){Y - 1) + iiY^ - l)/2 = r + i{Y^ - l)/2 mod {x - l)iY - 1)*Pm, noting that 
vm{2(Y - 1)) > vm{{x - - 1)). Factor Y + i{Y^ -\)/2 = A-B with 

Each of A and B has a copy of liY"^ — l)/2 that needs to be replaced. From (3) we 
have the approximation (F^ — l)/2 = (tj + + /x + — 1) — 2A mod So 

A = (1 + + (jj^ + /i + /i^)(a; — 1)) • (1 — 2iX) mod Because b > ck means 

VL{(i— l)(a;— 1)) > vl{P), we can drop the first "i" in this expression when b > ck- 
Thus we find that as elements of £*, and using Lemma 3.3, also as elements of A^*, 

1 + (tj + + /i + ii^){x - 1) for b > ex, 
I + i{uj + Lo"^ + ^ + ^i^){x - I) for 6 < e_R-. 

We also have iiY"^ — l)/2 = {uj + u}^){x — 1) mod {x — which yields B = 

Y-{l + {u + Lj^)ix - - 1)) mod {x - l)(y - 1)^M- So as elements of M*, we 
also have B — Y ■ {1 + {uj + uj'^){x — 1)(Y — 1)) . And by putting everything together, 
we get the result. □ 

3.3.3. Unstable ramification: b < ck- Assume that i — V-T e K. Then ck 
must be even. But since b is odd, this means that we are really assuming b < ex- 
In the following lemma we prove that \i i ^ K, b < gk and ufi ^ \, there 
is a fco G ^ such that defM(Q;fco) — Sck — 56. From Lemma 3.1 it therefore 
follows that 36 < defM(afe) < Sck — 56, and that defM(afe) = —6 mod 8 when 
36 < defM(afc) < 8eK — 56. The values for 63 listed in the catalog in Section lOl 
follow immediately. Moreover, each of these values for defM(afc) is realized. 

Lemma 3.5. IfiEK, b < ex and lu'^ ^ 1, then defwi (xyry) — Sex — 56. 



A 
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Proof. Recall that because i G K we have ak — kxyrj. Since vm{{I3/2){Y — 1)) = 
8eK — 5b, it is clear that our goal should be to find a unit u G M such that 
xyrj = 1 + u{(3/2){Y — 1) as elements in A4. But since it is easier to work in L, we 
first find an equivalent expression in C for x ■ yY ■ rj € L. Then we use Lemma 3.4 
to replace Y. 

Note that because b < bk, vk{P/2) = vl{{x — — 1) > 0. Now expand 
(1 + {X/{i + l)){x - 1))2, using /3 = x2 - 1, and find that for X € Dr. 

,4, 1 + '-"'^^ - " - " c (1 + v.w + v.r^ 

If we substitute X = 1 in (4) and notice that vl{2{1 + i){x — 1)) > vl{P) and 
VL{{i + l)(/3/2)(x - 1)) > VL{f3), we see that l + {x- 1)/(1 + /3/2) e (1 + ^k){1 + 
+ Therefore 

(5) x^l + {f]/2)(x-l)- ^ - ^ + 



and since VLif3) > VL{{fi/2){x - 1)), we have x=l + {(3/2){x - 1) e £. 

Now substitute X = uj + in (4). Simplify, again using 17^(2(1 + i){x — 1)) > 
vl{(3) = vl{{x - lY) > vl{{P/2){x - 1)). This results in the identity (1 + (cj + 
ix){x~\)) ■ {I - i{uj + + Lu^ + fi^){x - 1)) ■ {l+Lu'^{(3/2){x-l)) = 1 in C. Recall 
(2), namely yY ~ 1 + {oj + fi){x — 1). Therefore since x — 1 + {(3/2){x — 1) G £, 

xyY = {l-i{oj + ^i + uj^ + - 1)) • (1 + (1 + uj^){/3/2){x ~ 1)) G C. 

Using |13l V§3], and the fact that vkH^^ + m)^/^) > b we can choose r/ so that 
defL(?7) =4eo-36. Note defL(l + (w+^)2(/3/2)(x-l)) = 4eo- 36 and moreover that 
the norm {l + {uj + ti)'^{(3/2){x-l)y+^ EE l + (w + /i)2/3mod 2. Since br > 6, every 
element of 1 + 2Dk is a norm from L = K{x) of an element of defect > Ack — b > 
AeK-'ib. Therefore 77 = 1 + {lo + ^J^f{|3/2){x - I) = I + uj'^{(3 /2){x - I) £ C. So 

xyYri = (1 - + ^ + + ^2-,^^ _ . (1 + (1 + _^ uj%[3 12){x - 1)) e C. 

Now using Lemma 3.4, we have 

xyr^ = (1 + (1 + ^ u'^){l3/2){x - 1)) G M. 

Note that 1 + (1 + cj^ + uj'^){P/2){x — I) E L and because uj is not a third root of 
unity, by Lemma 2.1 we see that defA/(l + (l+ti'^+aj'^)(/3/2)(x— 1)) = 86^ — 56. □ 

3.4. Case 1*: Assume — 1. Throughout this section we assume that i — 
g K. Because of 1 + i^-' + i^'^ = 0, we will require descriptions of ak = kxyrj 
up to terms that have valuation strictly greater than Sex — 36. In other words, we 
will need to identify Uk in M* . This bound of 8e_R- — ib — vm{[x — 1){Y — 1)) is 
significantly larger than the bounds required in §3.3.1 and §3.3.3: namely, b + AcK 
in the stable case and Se^f — 56 in the unstable case. And this results in additional 
technicalities. 

The material in §3.3.3 is a good source of motivation. Indeed, it suggests that we 
proceed in two steps: First, identify an equivalent expression in C* for x-yY -rj € L. 
Most of our technical difficulties are associated with the expression for rj. Second, 
use Lemma 3.4 to replace Y. There will be three cases: (1) 6 < ck, (2) ex < b < 
Ck + 1^ and (3) ck + m < b, each associated with a different expression for 77. But 
in order to keep the parallels to §3.3.1 and §3.3.3 evident, we present the material 
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in two sections: b > ck, which is mostly stable ramification, and b < ck, which is 
most of unstable ramification. 

3.4.1. Mostly stable ramification: b > ck- Using Lemma 3.1 and Lemma 3.7 
below, we find that delM{kxyrj) = min{4ei<- — 6 + 4m, Se^ — 36} for all k £ K and 
b > eK + "Ti. This is because 6 > ex + m can be rewritten as 36 > Ack — 6 + 4m and 
so by Lemma 3.1, dcfM(fc) > 36 > deiMikoxyrj) for all k ^ K. We also find that 
for ex < b < ex + rn, we have 36 < defM {kxyrj) < min{8eis: — 56 + 8to, Sck — 36} 
Moreover, each of these possible values for defM(afc) is realized. 
We start with a result that describes rj. 

Lemma 3.6. If i = \/"-T G K , there is an rj* ^ L that satisfies 

J 2m, + 2eK — b for m + ex < 6, 
I 4m + 4ex — 36 for m + > b, 



defi {rj* 



and the coset identity 77 = (1 + lu{x — 1)) • rj* in C* . Furthermore defi(7r/f 77*) = 
defi(77*) — b for b — ex + rn. 

Proof. Recall that we have assumed that there is a 77 e L with norm Nj^/xii]) = 
77'^+! = (l+(w+^)2/3)(l+4A) = l + {Lj^+fi'^)(3 mod ji^fi^K- The congruence follows 
from m < 6/2 < ck- We are interested in an explicit description for 77 mod (3^l- 
So choose vq & K with 



2b for 6 > 46^/3, 

(6+l)/2 for 6 < 46^/3. 

And observe that if a G 1 + vq^k lies in the image of the norm map Ni^/j^, we may 
assume that its preimage lies in 1 + /3^l 13, V§3]. This means that we are really 
interested in the image 77°'+^ = 1 + {oj^ + /i^)/3 mod {^"^^ttk, vottk) 

Note that (l+zcj(a;— 1))°"+^ = l+uj"^ l3—2iuj. Choose a 2-'' — 1 root of unity so that 
(uj'f = uj. Then {l + uj'{i-l)f = 1 - 2iuj + 2uj' {i - 1) with VKi2{i-l)) = 36^/2. 
By checking cases, we sees that VK{2{i — 1)) > w/f (^^o) and that vk{4:) > vk(2/3) > 
vk{I3'^) > vk{'^o)- Therefore 

[77 • (1 + iu;{x - 1)) • (1 + Lu'{i - 1W+^ = 1 + ji'^P mod (m^/Sttk, i^ottk). 

Now observe that if a' G 1 + jj?(30K lies in the image of the norm map Ni^/j^ 
with defi<-(a') = vxijJ-^fi), we may use ^| V§3] and choose its preimage A to he in 
1 + BOk with defect defi,(A) = wl(B) where 



VLiB) 



2m + 2eK — b for m + ck < b, 
4m + 4ex — 36 for m + ck > b. 



As a result, -q- {l + iuj{x-l)) ■ (l+a;'(*- 1)) = V* mod {Bttl,i3ttk) with defL(77*) = 
vl{B). Since VL{{i — l)(a; — 1)) > vl{(3), we can drop the "i" from 1 + iu}{x — 1) 
and the first part of the result follows. 

Now consider the case 6 = ck + rn, which is equivalent to vk{2/{ii(3)) — 0. 
This means that there is a q — 1 root of unity such that 2/ (/i/?) = lu^ mod ^k- 
Alternatively, this can be seen as the case when VKi/J-'^fS) = 6. So any element 
a" G 1 + /i^/JCPif is a norm from L |13[ V§3]. This means that when 77* ^ 1 mod 
{Bttl, Pttk) (when it is relevant), there is a g — 1 root of unity a such that 77* = 
(1 + a/i(a; — l))"^^^ = 1 + mod /i^/J'Px, which means that the equation + 
aw* = 1 mod is solvable for a. Clearly a ^ {l.uj^^}. Now note that because 
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(.T-l)2 = /3-{l-2{x-l)/(3)),wehfwe ^iK ^ P = {l-2{x-l) / (3) in L* / {L* f . Thus 
TTK-{l+uJ.li{x-l)) e andsodefL(7rK(l + e)) = 6 = defL(l + e). □ 



Lemma 3.7. IfiEK, b > ex and u'^ ^ 1, then 

min{4e/f — 6 + 4to, 8e/f — 36} for m + Ci^ < 5, 
min{8ei<- — 56 + 8m, %eK — 36} for m + e/< > 6. 



def>i*(2:y?7) 



Proof. Recall from (2) that yY = 1 + (a; + — 1). Use Lemma 3.6 to find 
that X ■ yY ■ rj = x ■ {1 + {lu + ij.){x — 1)) ■ (1 + uj{x — 1)) • rj* in J\f* . Expand the 
product (l + (cj + ^)(.T- 1)) • (l + cj(a;- 1)) = (l + ^i{x - I)) ■ (l+uj^f^) mod (3^l- 
So X ■ yY ■ 1] — X ■ {1 + ^{x — 1)) • rj* in Af* . Since ui + lo'^ = 1 mod 2, Lemma 
3.4 yields F = (1 + (1 + /i + fi^){x - 1)) • (1 + - - 1)) in M* . Thus 
xyri = x-{l + ^i{x - 1)) • r/* • (1 + (1 + ^ + ^i'^){x - 1)) • (1 + [x -1){Y~ 1)) in M* . In 
general for a e D^f, (l + a(a;— 1))^ = \ + a?[3 mod where of course l + e 
Therefore a;?/77 = ?7*-(l + /i2)(a;-l))-(l + (a; inA^*. Since defL(7y*) < 
VL{fJ-^{x— 1)), we have defL(77*(l + M^(a; — 1))) = defL(?7*). We need to use Lemma 
2.1 to determine defjv/ (??*). First note that defL('7*) < '^^k — 6. For m + ck < 6 
this follows from the fact that m < ck (otherwise m > ck and 6 > m + Ck > 2eK, 
yielding a contradiction). For m + CK > 6 this follows from m < 6/2. Then because 
defL(7?*) < AeK — b, we have defM(7/*) = 2defA/(r7*) + 6. It is easy to check, using the 
fact that 6 is odd, that defMiv*) "^^lUx — ^){Y — 1)). And so we have determined 
that there is a fcp such that deiM{koxyr]) — min {defAf (??*), fM((a; — 1)(Y — 1))}. 
Thus, unless 6 — ex+m, we can use Lemma 3.1 to find that defM{koxyri) ^ defM(fc) 
for all k E K and the result follows. 

When 6 — ck + m, defMiT^x) = dcfM(fy*) and we need to be careful that 
deiMiT^KV*) does not exceed defjv/ (??*)• But this follows from the last part of 
Lemma 3.6. □ 

3.4.2. Most of unstable ramification: assume h < ck- Combining Lemma 3.1 
with Lemma 3.9, we find that 36 < def^f (fcxyry) < min{8eif — 56 + 8m, ^ck — 36}. 
Moreover, each of these possible values for defM(afc) is realized. 
Again we start with a lemma that describes rj. 

Lemma 3.8. If i = V— T G K , b < ck and uj'^ — \ there is in C the following 
coset identity 



V= 1 



2 I 2 
LU + l^i 



c.(/3/2)2 + c.2(/3/2)3 



1 + {(3/2)3 



{P/2){x-l)]-E 



for some E el + ^i\f3/2){x - 1)*Pl. 

Proof. Note that since b < ck we have X :— (3/2 e ^k- We are interested in 
an expression for 77 mod (7r^X(a; — 1)ttl, (Jttl). Now note that because 6 < ex, 
any element in 1 + fi^P'^x has a preimage under the norm Ni^/x that lies in 
1 + /x^X(x — l)*Pi, and any element of 1 + has a preimage in 1 + /3^Pl 

[Ol V§3]. So we study the image Ni^^xV — v'^^^ mod (^^/Stt/^ , tt^^ ^ ). 

To compute this image, observe that for M E Ok, (1 — MX{x — 1))°^^^ = 
1 + (M - APX^)(3. Now set 
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Since vk('2) = ck > b > 2m = vxif-i'^) wc can expand mod 2 and find that 



(1 - MX{x - = 1 



+ At + 



;2X3 + ojl 



1 + : 



/3mod M Z^^Jif. 



Since t;if(/32) > 2eif - (6- l)/2, we have (1 - MX(a;- = (l + (a;2 + ^2)^). 
with 

Choose w' to be a g' — 1 root of unity such that (w')^ = u and observe that since 

2X = /3, 



^ j = T mod 2(z - 1)X2Dk. 



Since ex > b wc have ?;a-(2(7: - 1)X2) > 2e;i: - (6 - l)/2. So when T ^ 1 mod 
(M2/37rjf,7r^'^"^), it lies in Thus r? e (1 - MX(x - 1))(1 + q3^)2(l + 

IJ.'^X{x - + and the result is proven. □ 



Lemma 3.9. IfiGK, b < ex and = 1 then 

defM' {xyri) = min{4eif — 6 + 4m, Sex — 36}. 

Proof. We follow the proof of Lemma 3.5. In fact the first three paragraphs (up 
through (5)) of that proof hold here verbatim. So wc begin at the point where we 
substitute X = ui -\- n into (4), but examine the result in C* (instead of £). Using 
the fact that vl{2{x-1)) > vl{P) and wl((1 + i)(a; - l)/3/2) > vl{P), we find that 
in jC* , we have the following coset identity: 

1 = 1 + (a;2 + - + (1 + z)(a; + + M + - 1). 

Note that for ai,a2 £ {x — 1)Ol we have (1 + ai)(l + 02) = 1 + ai + a2 as 
cosets in £* . So recalling (2), yY = 1 + {u + ^){x — 1), we find that there is an 
E G 1 + iJ.'^{P/2){x — 1)^1, so the the coset identity can be rewritten as 

yY = {l + i{l + t, + ii^){x ^ - 1)) • E. 



Recall that u''' — 1 and lo + lo"^ = 1 mod 2. Multiply both sides by x and use (5) to 
see that xyY = {l + i{l + n + fj?){x - 1)) • (1 + @i{l3/2){x -l))-E where 



1 + 13/2 l + uj^{(3/2y 

Using Lemma 3.8, we multiply both sides by rj. This results in the equivalence of 
cosets in £*, xyYr] = (1 + i(l + /x + i?){x - 1)) • (1 + e2(/3/2)(a; - 1)) • E' , where 
E' el + M^(/3/2)(a; - and 

92=c.2 + M-+ l + (/^/2)3 +TTW^+ l + c.W2) "^ 

To see that G2 = mod 2, expand the geometric series and break the sum up into 
three partial sums according to the equivalence class modulo 3 of the exponents 
(on the terms (/?/2)"). There are three partial sums: n = 0, 1, and 2 mod 3. Note 
that for n = 0, 2 mod 3 the partial sums are identically zero. For n = 1 mod 3 the 
partial sum is mod 2. 
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In summary, we have proven that there is an E' E 1 + /i^(/3/2)(.T — such 
that xyYr] = (1 + i{l + ^l + ^I^){x - 1)) • (l + fi^{l3/2){x - 1)) ■ E' e C* . Now use 
Lemma 3.4 to see that we have the coset identity 



FinaUy, by Lemma 2.1, since m < 5/2 we have defM((l + M^(/3/2)(a; — 1)) • E') = 
8m + Sck — 56. Hence there is a fco G such that defMikoxyrj) = min{8TO + Sck — 
56, Sck — 36}. Note that since 6 is odd, 8m + Sck — 56 7^ Sck — 36. The result now 



Let M = K{^Ju, y/v) as in §2 and assume that M embeds in a quaternion 
extension. We are interested in determining defM{oik)- Since the ramification 
filtration of Ga\{M / K) is asymmetric with respect to the group action, we have 
three cases to consider: 

(1) fixes K{y/u). In this case, 61 is the break number of K{y/u)/K, 62 is 
the break of M/K{^/u), (61 + 62)72 is the break of K{y/mj)/K, and 61 is 
the break of M/K{^/uv). 

(2) fixes if (y^to). In this case, (61 +62)72 is the break of , 61 is 
the break of M/K{^/u) and K{^/uv)/K, and 62 is the break of M/K{y^). 

(3) fixes K{y^). In this case, (61 + 62)72 is the break of K{y/u)/K, 61 
is the break of M/K{y/u), (61 + 62)72 is the break of K{y/m})/K, and 61 
is the break number of M/K{y/uv). 

4.1. Stable Ramification. We begin by considering the case in which ramification 
is stable. We do not assume ^/—l G K. Because of the following lemma, we conclude 
that if 61+62 > then the third break number 63 must be Ack + 62, which is 
precisely the value given in the catalog in Section ll. 31 

Lemma 4.1. Suppose that 61 + 62 > iex- Then defj^,j{ak) — 4ei<- — 62. 



Proof. Because of the possibility that \/— 1 K we have ak = k^Juv-qr. The proof 
breaks naturally into three steps. First we prove that defM(fc) > 4eif — 62 for all 
k £ K. We then show that defA/(T) > Abk — 62, and finally prove that in each of 
the three cases defMiV^v) — "^^k ~ 62. The result will then follow immediately. 

We begin by considering defA/ (fc). Choose L to be the fixed field of Gb^, so that 
the break of L/K is 61. By Lemma 2.1 we have defL(fc) > 61. The break of M/L 
is 62 and 61 > 2ex — 62, and so by Lemma 2.1, defM(^) > 4eif — 62. 

For the second step, we need to consider deiuiT)- Recall that r S K{^/uv), 
^K(y/^)/K{'^) = ~1 ^-i^d note that defK(— 1) > e^- In Cases (1) and (3), since 
&K < (61 + 62)72 using 13, V§3] we see that deij^(^^^-^{T) > ck- Because ex > 
2eK — (61 + 62)72 > 2eK — 61, Lemma 2.1 with respect to M/K{y/uv) yields 
defM(T) > 4eA' — 61 > icK — 62. Now consider Case (2): either 61 > ck or 
61 < BK- In the first situation, using V§3] we see that defx(^/Ti:^){T) > ck- 
But since 62 > 61 > ex, deix(^^fUAi){T) > 2eK — 62. In the second situation, using 
[Ol V§3] we see that defx(^^)(T) > 2eK — 61 > 2ex — 62. Using Lemma 2.1 with 
respect to M/ K{y/wv) yields defMC^) > 4e/f — 62. This completes the second part 
of the proof. 

Finally, we proceed to prove deiM{\/uvrii) — Aex — 62. This time we will need to 
treat the three cases separately. 



xyr] (1 + ^i\f3/2){x - 1)) ■ {1 + {x ~ 1){Y - 1)) ■ E' e M* . 



follows from Lemma 3.1. 



□ 



4. Case 2: Two Break Biquadratic Extensions 
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Suppose first that we are in case (3). Since defK(w) — 2eK—bi to use ^1 V§3], we 
need to consider the two possibilities 2ei<-—6i < (5i+62)/2 and 2eK— 6i > (5i+fc2)/2 
separately. In both situations however we see that def;^(^)(?7) > 2eK— (6i + 62)/2, 
so that using Lemma 2.1 yields deiMiv) > ^^k — &2- Note that def^(y^)(-yw) = 
2ei<- — {bi + b2)/2, which implies that defM(\/™) = 4e/f — 62- Hence we have 
defMi\/uvr]) = - 62- 

Case (2) is similarly easy. Note that in this case def^(^/^)(-yuu) = 2eK — fci > 
2eK — &2, and so again by Lemma 2.1, deiM{^/uv) > — ^2- Since defx(u) = 
2eK - {bi + 62)72 and 2eK - {bi + 62)72 < (61 + 62)72, which is the break of 
K{^/u)/K, we see that defii^^{r]) = 2eK — (61 + 62)72. Hence by Lemma 2.1 
defM(??) = 4e/f — 62 and so we have defM (V^v) = 4ei<- — 62. 

In Case (1), deixiv) = 2eK — (61 + 62)72, and there are two cases to consider 
depending upon whether 2eK — (61 + 62)72 > 61 or 2eK ~ (61 + 62)72 < 61. In both 
cases, without loss of generality we find that defj^f^^-^iri) > 2eK — 62. Therefore 
defA/(77) > AcK — 62. On the other hand, def^(y;^) (^/ro) = 2eK — (61 + 62)72, 
which means that defjvf (-\/itw) = Ack — 62. Combining these yields deiM {^/uvrj) = 
4eK-62. □ 



4.2. Unstable Ramification. We assume here that \/— T G K. Because of the 
following lemma, if 61+62 < 2eK then the third break number 63 must be 261 + 862, 
Sck — 26i — 62, or else must satisfy 26i + 862 < 63 < Sck — 26i — 62 with 63 = 62 
mod 8. These are precisely the values listed in the catalog in Section [T3I 

Lemma 4.2. Suppose that M/K has two breaks which satisfy 61 + 62 < 2eK- Then 
the value of def]^,j{ak) must be 62 + 26i, Sex — 862 — 26i or else satisfy 62 + 26i < 
def]^j{ak) < Sck — 862 — 26i with defj^.j{ak) = —62 mod 8. 

Proof. Because ^—1 G K, at — k^/uvr]. Without loss of generality we assume that 
K{y/u) is the fixed field of . To proceed with the proof, we separate ak into 
two parts, k^Jmi and rj. Our first step is to explicitly determine the possibilities for 
delM{ky/mj) from deix(^/uv)(M^/^)- This will use the classification of all possible 
second ramification numbers in a cyclic degree 4 extension from |15| . Once that 
has been completed, we will show that def_A/(fcy^m;) < defA/(77). Since this implies 
that defM(afc) = deiM{k^/wu), the result will follow. 

Step 1. Since ^/—l G K, K{-^/uv)/K is cyclic of degree 4. Given k £ K either 
K{^/k, y^uv)/K is cyclic of degree 4 or Ga\{K{y/k, ^)/K) C2 X C4. In either 
case, the subextension K{Vky^uv)/ K will be cyclic of degree 4. Again using the 
assumption that \/— T g K, it is easy to check that any cyclic extension of degree 
4 containing K{y/wj) is expressible as K {^/k -^uv) / K for some k £ K. 

Let t = (62 + 61)72. Then t is the break number of K{y/uv)/K. Since t < bk, we 
find using |15[ Thm 82] that the second break number of K{^/ky/uv) / K must be one 
of b2 — it, AeK — i or 62 = t + 4m with 3t < 6 + 4m < Abk — t, and moreover that all 
these possible values for 62 actually occur. Therefore def^(-y;[^) (ky^uv) must be one 
of the values t, AcK—it or i < def^(^/^) (k^/uv) < Aex—it with deij^^^^^-^ (ky/uv) = 
—t mod 4. Since in every one of these cases defx(^,y:[[:^){k^/uv) < 4ex — 61, we may 
use Lemma 2.1 to determine that the possible values of def^/ (fcy^uu) are 62 + 26i, 
ScK — 862 — 26i or 62 + 26i < defi\i{k^/uv) < Sck — 862 — 26i with defM{ky/uv) = 
—62 mod 8. 
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Step 2. Recall that we have chosen 77 G K{y/u) so that N (^^y (ji) — v. Since 
the break of K{y^) is t = (62 + bi)/2, the defect deiK{v) — 2eK — t. Moreover, 
since t < ck, we have hi < ck, and so 61 < 2eK — t. Since bi is the break number 
of K{y/u)/K, we use ^1 V§3] to choose -q € K{y/u) such that def^(^)(?7) = 
4ei<- — 62 — 26i, and since the break of M/ K{^/u) is 62 we may use Lemma 2.1 to 
find that defA/ = Se/^ — 62 — 46i. To finish, it suffices to note that Sejf — &2 — 46i > 
Sex - 362 - 26i > defM(fc\/itw). □ 

5. Proof of Main Results 

Proof of Theorem 1.1. Given the computations in Sections 3 and 4, the first state- 
ment has already been established; we just need to prove the second. In fact, since 
\/—\ e X it is enough to prove, for each i e {1, 1*, 2}, that if si < S2 are the first 
two coordinates of a triple in TZ^ then there exist a pair of elements u, w e K* such 
that (u, v) = 1 and the following: 

(1) If z = 2, then vk{u — 1) = 2ex — si and defi<-(u) = 2eK — (s2 + •si)/2. 

(2) If i e {1, 1*}, then VKiu - 1) = wa'(« - 1) = 2ex - si. Indeed v - I = 
{uj + n)'^{u — 1) where 

(a) w is a nontrivial q — 1 root of unity, with cj^ + cj + 1 = if i = 1* and 

^ 1 if i = 1, and 

(b) fi £ K, with VK{^J■) — (s2 — •si)/4 if §2 < min{2si,4eif — si} and 
VKifi) > (s2 - Si)/4 if S2 = min{2si,4eK - si}. 

Under these circumstances, the biquadratic extension M — K{y/u, y^) will embed 
in a quaternion extension, which lies in Qf^ and have the desired ramification pair 
■Si < 52. The third coordinate S3 of the triple is then achieved by using Lemma 3.1 
to choose the k in ak appropriately. 

We begin with cases where any pair of elements u, v with the desired defects 
must automatically satisfy {u,v) — 1. If i e {2} and S2 + 3si < 4eif, then every 
pair of elements u,v € K* that satisfies vk{u— 1) = 2e/<- — si and defx (w) — 2eK — 
(s2 + si)/2 will satisfy (m, u) = 1 [HI V§3]. Similarly for i e {1, 1*} when si < ck 
every pair of units m, u G 1 + that satisfies vk{u—1) = vk{v—1) = 2eK — si will 
satisfy = 1. In these cases every such biquadratic extension K{y/u^ ^/v) / K 

embeds. 

Outside of these two cases, we are free to choose u based upon defect alone, but 
must choose v dependent upon u. Suppose i £ {2} and S2 + 3si > Aex. Pick any 
element u € K* such that vk{u— 1) = 2eK — si. Pick any element 1/ e K{^/u) with 
VKiV^)ii^ - 1) - - (S2 + si)/2. By [El V§3] N^i^/KH ^ v £ K* where 
vk{v — 1) = 2eK — (s2 + ■si)/2 and by design, (m, u) = 1. 

Consider now i £ {1,1*} and si > ex- Pick uj according to whether i = 1 or 
i = \*. Choose (3 £ K with vxiP) = 2eK - si. Let = w = 1 + /3. Then 
L/K where L = K{x) has ramification break number si. We consider the cases 
si < 3eif/2 and si > 3ei<-/2 separately. 

If ck < Si < 3e/f /2, then then one can show, as in the proof of Lemma 3.6, that 
the norm 

Nl/k{{^ + Mx - 1)) • (1 + oj'{i - 1))) =1+Lu'^p mod 

where (w')^ = By [El V§3], any element a£l+ <Pg+^ satisfies (1 + /3, a) = 1. 
As a result, (1 + /?, 1 + = 1. Again using ^| V§3], there is, for any relevant 
value of m, an element A £ L such that vk{Nl/k{A) — 1) = 2eK ~ b + 2m. Note 
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(1+/3, (l+cj2/3).iVi/x(v4)) = 1. Using Lemma 2.2, we find a /i £ if with vk (m) = m 
such that 1 + {lo + = (1 + uj'^(3) ■ Nl/kIA) (modulo squares in K*). So for 
V = 1 + {uj + we have (u, v) = 1. 

Assume si > SeK/2. Then foUowing [121 V§3] we see explicitly that for a e Ot, 




Let A e Dt such that y + = A is irreducible. Then (1 + /?, 1 - 4A//3) = -1. This 
means that we have {1+13, = 1 or (H-/3, l+w^/? — 4A//3) = 1. If we express 

1 + u!-^f3 — 4A//3 as (1 + (w + A'o)^/?) mod 4 using Lemma 2.2 we find that vxifJ-o) — 
m — si — ck- Of course, 1 + uj'^(3 = (1 + + HqY(3) with v/f(/io) = oo > si — e/f . 
Let vq = 1 + (w + /io)^/3- Then (mjIIo) = 1 and vk{^'o) = m > si — ck- Since 
Si + 4m > 4ei<- — si we find that K(^/u, ^/vq) embeds and has refined ramification 
filtration si < S2 = 4ei<- — si = min{2si, 4ei<- — si}. All that remains is the 
situation where S2 < 'Ick — si = min{2si,4ex — si}- In other words, for each 
< TO < ck — b/2, we must find /i G if with vk{^) — m so that v — 1 + (uj + /i)^/3 
satisfies {u,v) = 1. The second refined break of if (yu, y^) will then be S2 = 
si + 4m < Ack — Si = min{2si,4eif — si}. We know that si > 3eif/2 > 4e/3. We 
have 2m < 2eK — si- Pick any A S L with wl(^) = 2m + 2e/f — si < Ack — ^si < Si. 
Then using US V§3], t;K(A^L/x(^) - 1) = 2eA' - 6 + 2m. So (u, «o • Nl/k{A)) = 1. 
And using Lemma 2.2, we can express vq ■ Ni^/x{A) as w = 1 + (tj + mod 4 
(also modulo squares in K*) where fj, € K with vxip) = m. □ 

Proof of Theorem 1.2. This follows immediately from §3.3.1 and §4.1. □ 
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